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Abstract
Motivated by the recent success of optical trapping of alkali bosons, we have
studied the zeroth sound modes of dilute Fermi gases with arbitrary spin-f ,
which are spin-S excitations (0 ≤ S ≤ 2f). The dispersion of the mode (S)
depends on a single Landau parameter F (S), which is related to the scattering
lengths of the system through a simple formula. Measurement of (even a
subset of) these modes in finite magnetic fields will enable one to determine
all the interaction parameters of the system.
Since the discovery of Bose-Einstein condensation (BEC) in dilute gases of alkali atoms
[2], there have been experimental efforts to cool alkali fermions such 6Li and 40K down to
the degenerate limit. In current experiments, alkali atoms are confined in magnetic traps,
which confine only the spin states aligned with the local magnetic field. As a result, the
spinor nature of the atom is suppressed. The recent success of optical trapping [3], however,
changes the situation. In optical traps, different spin components are degenerate in the
absence of magnetic fields. One therefore has the opportunity to study dilute Bose gases
with integer hyperfine spins (or simply “spin”) f > 0 and Fermi gases with spins f > 1/2.
In a recent paper [4], we have discussed the structure of Cooper pairs of alkali fermions in
optical traps. Since most alkali fermions have spin f > 1/2, their Cooper pairs can have
even spin J ranging from 0 to 2f − 1. The internal structures of these large spin Cooper
pairs will give rise of to a great variety of superfluid phenomena.
The purpose of this paper is to study a key normal state property of dilute fermi gases
with general spin-f in the degenerate limit, −− their collisionless or “zeroth” sound. We
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shall show that in addition to the ordinary density mode, the system has additional modes
corresponding to coherent inter-conversions of different spin species. These modes are the
generalizations of the spin waves of spin 1/2 Fermi liquids. As we shall see, the dispersions
of the zeroth sound modes contain the information of all the interaction parameters of the
system, i.e. the set of s-wave scattering lengths {a
J
} of two spin-f atoms in the total spin J
channel. Thus, observation of these modes will not only provide evidence of the degenerate
nature of the system, but also information about the scattering lengths a
J
, and hence the
existence of superfluid ground state as well as their transition temperatures.
As in our previous study [4], we shall focus on the homogenous case, i.e. without ex-
ternal potential. This is a necessary step before studying trapped fermions. Moreover, it is
conceivable that optical traps of the form of cylindrical boxes (rather than harmonic wells)
be constructed in the future. In that case, the discussions here will be directly applicable.
As in our previous work [4], our symmetry classification of the spin structure (which is a
crucial step in our solution) also applies to arbitrary potentials.
In addition to homogeneity, we shall also consider the weak magnetic field limit, i.e.
when the Zeeman energy is much smaller than the kinetic energy of the system. These
are the regimes where the spinor nature of the fermi gas is manifested most clearly. As
demonstrated by the recent experiments at MIT [5], this limit can be easily achieved by
specifying the total spin of the system. Since the low energy dynamics of the system is
spin conserving [6], the specified spin can not relax. The system therefore sees an effective
magnetic field with which its spin would be in equilibrium, a field which can be much smaller
than the external field Bext. In the following, we shall refer to this effective field simply as
“magnetic field” B, with the understanding that it is a Lagrange multiplier that determines
the total spin of the system [5].
(A) Zero magnetic field : We begin with the linearized kinetic equation for the distri-
bution function matrix δnˆp in the collisionless regime
∂δnˆp(r, t)
∂t
+ vp · ∇
(
δnˆp(r, t)−
∂no
p
∂ǫp
δǫˆp(r, t)
)
= 0, (1)
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Our notations in eq.(1) are the same as ref. [7]. Here, no
p
is the T = 0 Fermi function,
vp = ∇pǫp, δnˆp is a (2f + 1) × (2f + 1) matrix in spin-space, [δnˆp(r, t)]αβ=
∫
dxe−ip·x <
ψ+β (r−x/2, t)ψα(r+x/2, t) > where ψα is the field operator. The energy matrix δǫˆ describes
the change in the Hamiltonian due to δnˆ,
[δǫp]αβ =
∫
dτ ′fαγ,βδ(p,p
′)[δnp′ ]δγ (2)
where dτ ′ means dp′/(2π)3, and fαγ,βδ(p,p
′) are the Landau parameters which can be
extracted from the Hamiltonian of the system derived by one of us [6]. It is shown in
ref. [6] that only the lowest hyperfine states (with spin f) will remain in the optical trap
and that the interactions between these spin-f atoms are spin conserving, of the form
Hint =
1
2
2f−1∑
J=0,2,..
g
J
J∑
M=−J
∫
drO+JM(r)OJM(r), (3)
where OJM(r) =
∑
αβ < JM |ffαβ > ψα(r)ψβ(r), and < JM |f1f2αβ > are the Clebsch-
Gordan coefficients for forming a spin-J object from a spin-f1 and a spin-f2 particle [8],
g
J
= 4πh¯2a
J
/MF , and MF is the mass of the atom. Pauli principle implies that only even
J ’s exist in eq.(3). Evaluating < Hint > in Hartree-Fock approximation, and using the fact
that δ < ψ+α (r)ψβ(r) >=
∫
dτ [δnp(r)]βα, it is straightforward to show that
fαγ,βδ = 2
2f−1∑
J=0,2,..
g
J
J∑
M=−J
< JM |ffγα >< JM |ffδβ >, (4)
which is momentum independent as a result of s-wave interaction. Note that if g
J
< 0, the
system will have a superfluid instability towards spin-J Cooper pairs at a sufficiently low
temperature T (J)c [4]. Our discussions for negative gJ ’s therefore applies to temperatures
above T (J)c but low enough so that the Fermi gas is degenerate. Before proceeding, we
simplify eq.(1) by writing δnˆp =
(
−
∂no
p
∂ǫp
)
νˆpˆ, which turns eq.(1) and (2) into
∂tνˆpˆ + vp · ∇ (νˆpˆ + δǫˆpˆ) = 0, δǫˆpˆ = NFfαγ,βδ < νˆpˆ >, (5)
where NF = mkF/2π
2h¯2 is the density of state of a single spin component at the Fermi
surface, kF is the Fermi wavevector, and < (..) >≡
∫ dpˆ
4π
(..) denotes the angular average
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over the Fermi surface. Note that the quasi particle energy δǫˆpˆ is isotropic in k-space as a
consequence of the s-wave interactions between the particles.
Next, we note that a rotation ~θ in spin space will cause a change aα → D
(f)
αβ (
~θ)aβ, where
D
(f)
αβ is the rotation matrix in the spin-f space. This implies νˆ → νˆ
′ = Dˆ(f)νˆDˆ(f)+. ¿From
eq.(2) and (4), one can see that δǫˆp transforms the same way, δǫˆp → Dˆ
(f)δǫˆpDˆ
(f)+. Since
νˆ is made up of two spin-f objects, it can be decomposed into a sum of spin-S quantities
νˆ(S,M), which transform as [Dˆ(f)νˆ(S,M)Dˆ(f)+]αβ = [νˆ
(S,M ′)]αβD
(S)
M ′M , where 0 ≤ S ≤ 2f ,
−S ≤M ≤ S. The solution of this equation is easily seen to be [δnˆ(S,M)]αβ ∝< fα|SfMβ >.
We then have the representation
 [νp(r, t)]αβ
[δǫp(r, t)]αβ

 = ∑
S,M
< fα|SfMβ >

 ν
(S,M)
pˆ
(r, t)
δǫ
(S,M)
pˆ
(r, t)

 (6)
Substituting eq.(6) into eq.(5) and using the identity
∑
γδM ′
< JM ′|ffγα >< JM ′|ffδβ >< fδ|SfMγ >
= (−)2f−J(2J + 1)W (ffff ; JS) < fα|SfMβ > (7)
where W is the Racah coefficient [9], eq.(5) becomes diagonal in the (S,M) modes,
∂tνˆ
(S,M)
pˆ
+ vp · ∇
(
νˆ
(S,M)
pˆ
+ δǫˆ
(S,M)
pˆ
)
= 0, (8)
δǫ
(S,M)
pˆ
= F (S) < ν
(S,M)
pˆ
>, (9)
F (S) = −
2f−1∑
J=0,2,...
4kFaJ
π
(2J + 1)W (ffff ; JS), (10)
where we have used the fact that NF gJ = 2kFaJ/π and (−1)
2f−J = −1 in obtaining eq.(10).
Eq.(8) and (9) imply that
(
∂
∂t
+ vp · ∇
)
ν
(S,M)
pˆ
+ F (S)vp · ∇ < ν
(S,M)
pˆ
>= 0. (11)
which is precisely the equation for the ordinary zeroth sound mode with only ℓ = 0 spin-
symmetric Landau parameter F sℓ=0 non-zero [7] and is given by F
(S).
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The dispersion relations of modes described by eq.(11) is well known [7]. They are
1 = F (S)
∫ 1
−1
dx
2
qvFx
ω − qvFx
. (12)
The properties of the modes depend crucially on the sign of the parameters F (S). When
F (S) > 0, one has a well defined propagating mode. When −1 < F (S) < 0, the zeroth
sound mode is Landau damped. When F (S) < −1, the system is unstable against spin-S
distortions. Because of the dilute limit, kFa << 1 and hence |F
(S)| < 1, stability against
spin-S distortions is guaranteed.
It is instructive to consider some special cases :
(i) The density modes νˆ(S=0) for fermions with arbitrary spin-f : Using the fact that
W (ffff ; J0) = (−1)2f−J/(2f + 1), we have
F (S=0) =
4
π(2f + 1)
2f−1∑
J=0,2,..
(2J + 1)kFaJ (13)
In particular, if there are no superfluid instabilities in all angular momentum J channel,
then F (S=0) > 0 and the density mode will not be Landau damped.
(ii) Fermions with spin-1/2, 3/2 and 5/2 : For f = 1/2, eq.(13) reduces to the well-known
results F (S=0) = −F (S=1) = NF g0 = 2kFa0/πh¯ [7]. For f = 3/2, using the tabulated values
of the 6j-symbols [10] to calculate the Racah coefficients, we find F (S=0) = kF (a0 + 5a2)/π,
F (S=1) = F (S=3) = −kF (a0 + a2)/π, and F
(S=2) = kF (a0 − 3a2)/π. Thus the S = 1 and 3
modes are always degenerate, and the degeneracy between the S = 0 and S = 2 modes are
lifted only by the interaction in the J = 2 channel. If there are no superfluid instabilities
in any J channel, i.e. both a0, a2 > 0, then S = 1 and S = 3 modes are always Landau
damped.
For large f ’s there are no obvious systematics except for the S = 0 result noted above.
Modes for different S’s are typically not degenerate, barring accidental values of g
J
’s. In
the case of f = 5/2 such as 22Na and 86Rb, we obtain F (0) = (2a0/3 + 10a2/3 + 6a4)kF/π,
F (1) = −(2a0/3+46a2/21−6a4/7)kF/π, F
(2) = (2a0/3+a2/3−3a4)kF/π, F
(3) = −(2a0/3−
29a2/21 + 19a4/7)kF/π, F
(4) = (2a0/3 − 5a2/3 − a4)kF/π, F
(5) = −(2a0/3 + 25a2/21 +
a4/7)kF/π.
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(iii) Undamped zeroth sound modes in the dilute limit : Zeroth sound modes (S,M) with
F (S) > 0 are propagating [7]. Because of the dilute condition kFaJ << 1, we have F
(S) << 1.
In this limit, eq.(12) can be integrated to give [7],
ω(S)(q) = qvF
(
1 + 2e−2e−2/F
(S)
)
. (14)
Since F (S) << 1, the exponential term in eq.(14) will have little contributions. The frequen-
cies of zeroth sound for all S are essentially given by qvF . As a result, it will be difficult
to obtain information of the interaction parameters from zeroth sound frequencies in zero
field. On the other hand, we shall see that even a small magnetic field will cause significant
changes in the zeroth sound dispersions, which lead to many observable features and enable
one to determine all the interaction parameters.
(B) Weak magnetic fields: When B 6= 0, the kinetic equation eq.(1) will have an
additional term Ip =
i
h¯
[ǫˆp, nˆp] on the left hand side [7]. At the same time, the equi-
librium distribution function and quasiparticle energy (denoted as nˆo
p,B and ǫˆ
o
p,B respec-
tively) are altered from the zero field values (nˆo
p
and ǫˆo
p
). The difference δǫˆo
p
= ǫˆo
p,B − ǫˆ
o
p
is
[δǫo
p
]αβ= −µBF
z
αβ+
∫
dτ ′fαγ,βδ[δn
o
p′
]δγ , with δnˆ
o
p
= nˆo
p,B −nˆ
o
p
=
(
∂no
∂ǫp
)
δǫˆo
p
. These two relations
imply
[δǫo
p
]αβ = −µBF
z
αβ −NFfαγ,βδ[δǫ
o
p
]δγ , (15)
where µ is the magnetic moment of the atom. The solution of eq.(15) is δǫˆo
p
= cFˆ z. Using
the fact that (F z)αβ ∝< fα|1f0β >, it is easily to show from eq.(6), (10), and (15) that
δǫˆo
p
= −µBeff Fˆ z, Beff = B/(1 + F (1)). (16)
Linearizing about the equilibrium configuration nˆo
p,B and ǫˆ
o
p,B, we have Ip =
i
h¯
(
[δǫˆo
p
, δnˆp] + [δǫˆp, δnˆ
o
p
]
)
. ¿From the definition δnˆp = −
(
∂no
p
∂ǫp
)
νˆpˆ, the relation δnˆ
o
p
=(
∂no
p
∂ǫp
)
δǫˆo
pˆ
, and the property (α − β)[νp]αβ =
∑
SM < fα|SfMβ > Mν
(S,M)
pˆ
which follows
from eq,(6), we have
[Ip]αβ =
i
h¯
(
∂no
∂ǫp
)∑
SM
< fα|SfMβ > (ΩM)
(
ν
(S,M)
pˆ
+ δǫ
(S,M)
pˆ
)
(17)
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where Ω ≡ µBeff/h¯. With this additional term on the left hand side of eq.(1) and repeating
the procedure as before, we have find that eq.(9) remains unchanged whereas eq.(8) becomes
∂tνˆ
(S,M)
pˆ
+ [vp · ∇ − iΩM ]
(
νˆ
(S,M)
pˆ
+ δǫˆ
(S,M)
pˆ
)
= 0. (18)
Thus, the zeroth sound modes can still be classified by the quantum numbers (S,M) in the
weak field limit. The equation for the dispersion now becomes
1 = F (S)
∫ 1
−1
dx
2
qvFx− ΩM
ω + ΩM − qvFx
, (19)
which upon integration gives
1
F (S)
=
ω
2qvF
ln
ω + ΩM + qvF
ω + ΩM − qvF
− 1, Ω =
µB
1 + F (1)
(20)
Since the collective modes are excitations above the ground state, we only need to study
the ω > 0 solutions of eq.(20). In the following, we shall discuss only the zeroth sound
modes that are not Landau damped, which requires |ω + ΩM | > qvF in eq.(20). While
many features of these propagating modes can be obtained analytically, we first display the
numerical solutions of eq.(20) for S = 3/2 with F (S) > 0 and F (S) < 0 in fig.1 and fig.2
respectively. The notable features of these modes are :
(iv) Zeroth Sound modes near q = 0 : Near q = 0, qvF/|ΩM | << F
(S), it is easily seen from
eq.(20) that [11]
ω(S,M)(q) = −ΩM(1 + F (S))
[
1 +
1
3F (S)
(
qvF
ΩM
)2
+ ..
]
. (21)
Since ω(S,M) > 0, only ΩM < 0 modes can be excited at q = 0. Note that all q = 0 modes in
finite field are not Landau damped irrespective of the sign of F (S). ¿From eq.(21), one can
also see that all ω(S,−|M |) modes increase (decrease) as q2 for F (S) > 0 and < 0. (See also
fig.1 and 2).
(v) The F (S) > 0 case : For F (S) > 0, zeroth sound modes with ΩM > 0 emerge from ω = 0
when q > q
M
≡ ΩM/vF . (See fig.1). Expanding eq.(20) about (ω = 0, q = qM), one finds
the dispersion in this neighborhood is
7
ω − (qvF − ΩM) = 2ΩMe
−(1+1/F (S))(2ΩM/ω) (22)
Another simple feature one can derive from eq.(20) is that as q increases so that qvF >>
|ΩM |, ω(S,M)(q)→ ω(S)(q)− ΩM . The dispersions for all (S,M) modes become parallel to
ω = qvF , with all ΩM < 0(> 0) modes shifted up (down) by an amount of |MΩ|. (See
fig.1). It is also straightforward to show that zeroth sound modes with ΩM 6= 0 lie above
the particle-hole continuum of that particular M state, i.e. ω > −ΩM + qvF .
(vi) The F (S) < 0 case : We find that the ΩM < 0 modes decrease monotonically as q
increases, and vanish at q
|M|
= |ΩM |/vF in a manner similar to eq.(22). The entire mode M
lies below the corresponding particle-hole continuum, i.e., ω < −ΩM − qvF . Solving eq.(20)
graphically, one can also see that there are no solutions with ω > 0 when ΩM > 0, implying
the absence of zero sound modes with ΩM > 0.
Determination of scattering lengths : For scattering lengths |a
J
| ∼ 100aB where aB is
the Bohr radius, a Fermi gas of density ∼ 1013cm−1 will have kFaJ ∼ 10
−1, which implies
{F (S)} ∼ 10−1. As mentioned in Part (A), it will be hard to determine the scattering
lengths a
J
from the B = 0 zero sound modes for these values of {F (S)} because their
small contributions. On the other hand, in the presence of magnetic field, different zeroth
sound modes (S,M) are separated. Since the interaction contributions to the zeroth sound
frequency at q = 0 and to the critical wavevector qM are of the form 1+ F
(S) instead of the
essential singularity form in eq.(14), their contributions should be measurable for kFaJ ∼
10−1 or even smaller. Note also that there are only (2f + 1)/2 scattering lengths [a
J
, (J =
0, 2, .., 2f − 1)] whereas the number of zeroth sound modes in finite field is
∑2f
S=0(2S + 1) =
(2f +1)2. Even some of these modes may not be excited, (as in the case of F (S) < 0), there
are still more the conditions on a
J
provided by the zeroth sound frequencies than the number
of a
J
themselves. Thus, it is possible to determine the entire set of scattering lengths {a
J
}
from the zero sound dispersions.
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Figure Captions :
Figure 1 : The zeroth sound mode for F (2) = 0.5 > 0, f arbitrary, and Ω = +0.2. From
upper to lower, the curves correspond to M = −2,−1, 0, 1, 2 respectively. Both ω, qvF , and
9
Ω are plotted with arbitrary units. The vertical intercepts of curves M = −2 and −1 are
ω(2,−2) = 2Ω(1 + F (2)) and ω(2,−1) = Ω(1 + F (2)) respectively. The horizontal intercepts of
the M = 1 and M = 2 curves are q1vF = Ω and q2vF = 2Ω respectively. Zeroth sound
modes for other S have different number of branches but behave similarly.
Figure 2: The zeroth sound mode for the case F (2) = −0.2 < 0, f arbitrary. From upper
to lower, the curves correspond to M = −2 and −1. The value of Ω and the expressions
for the vertical intercepts are identical to those in figure 1. The horizontal intercepts are
q−1vF = Ω and q−2vF = 2Ω respectively.
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